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Quantum thermal transport in stanene
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By way of the non-equilibrium Green’s function simulations and analytical expressions, the quan-
tum thermal conductance of stanene is studied. We find that, due to the existence of Dirac fermion
in stanene, the ratio of electron thermal conductance and electric conductance becomes a chemical-
potential-dependent quantity, violating the Wiedemann-Franz law. This finding is applicable to any
two-dimensional (2D) materials that possess massless Dirac fermions. In strong contrast to the neg-
ligible electronic contribution in graphene, surprisingly, the electrons and phonons in stanene carry
a comparable heat current. The unusual behaviours in stanene widen our knowledge of quantum
thermal transport in 2D materials.
PACS numbers: 44.10.+i, 65.80.-g, 63.22.-m, 73.43.-f
I. INTRODUCTION
Stanene, a monolayer of tin atoms that was fabri-
cated recently1, is a promising material for the real-
ization of novel quantum devices due to its striking
electronic properties2–8. For instance, the strong spin-
orbital coupling (SOC) in stanene is able to open a
large enough band gap, which may be suitable for ap-
plication as room-temperature quantum spin-hall (QSH)
insulators7–12. Recently it was also shown that it could
be a promising thermoelectric material due to its non-
dissipative conduction edges3.
Besides electrical conduction, thermal conduction is
another important form of energy and information
transport13. In general, thermal transport is carried
by either electrons or phonons. Many nanomaterials,
such as graphene and carbon nanotubes14–22, have sig-
nificantly higher phonon thermal conductance than their
electronic counterpart at room temperature. However,
in other materials, such as metals, the electron contri-
bution dominates the thermal transport. The electron
thermal conductance is governed by the Wiedemann-
Franz (WF) law, which imposes a universal relation be-
tween electron thermal conductance σe and the electronic
conductance Ge as, σe = L0GeT , where T is tempera-
ture and L0 =
π2
3 (
kB
e )
2 is a fundamental constant de-
rived from Sommerfeld theory based on low temperature
expansion23.
The electronic properties of 2D materials have been
studied extensively24–27. Many interesting phenomena of
2D materials, such as massless Dirac fermion25,27, spin-
orbital coupling24, electron-phonon interaction26 and
their effects on the electronic transport properties have
been examined. Compared with graphene, the trans-
port properties, in particular the thermal transport of
stanene, have not been extensively investigated. Many
interesting and important properties remain unexplored.
For instance, whether electrons or phonons dominate the
thermal transport is yet unknown. The applicability of
WF law to stanene, as well as other 2D QSH insulators,
has not been examined. Clearly, answers to these ques-
tions are not only of scientific interests in understanding
the transport mechanisms in 2D Dirac fermions systems,
but also of technological significance to the applications
of stanene-based quantum devices.
In this article we study quantum thermal transport of
stanene in ballistic transport regime by using the non-
equilibrium Green’s function (NEGF) approach, which
has been widely used in the study of transport properties
of graphene. We find that electron thermal conductance
of massless Dirac fermions is proportional to its electronic
conductance in a large range of temperature. However,
the proportionality constant remarkably depends on the
chemical potential, which signifies the breakdown of the
conventional WF law. In addition, we also derived an an-
alytical formula for the ratio of these two conductances,
which is applicable to Dirac fermions materials in general.
It is found the electron thermal conductance is substan-
tially important in stanene in comparison with phonon
counterpart, and it can even become dominant at room
temperature when it is gated.
II. RESULTS AND DISCUSSION
A. Phonon thermal conductance
In the ballistic transport regime, the phonon thermal
conductance is given by Landauer formula
σph = kB
∫ ωm
0
dω
2πS
Tph[ω]
(βh¯ω)2eβh¯ω
(eβh¯ω − 1)2
, (1)
where β = 1/(kBT ) denotes the inverse temperature. ωm
is the maximum possible frequency of phonon modes and
Tph is the phonon transmission function through cross
area S. For convenience, we choose S = a ×W , where
a is the lattice constant of a unit cell in the transverse
direction, and W is the thickness of stanene. We eval-
uate Tph[ω] using NEGF formalism based on the inter-
atomic force constants28,29. The details are presented
in Appendix. The force constants are obtained by first-
principles calculations using Quantum Espresso30 within
2the scheme of density functional perturbation theory.
The norm-conserving pseudopotential and local density
approximation of Ceperley-Alder are adopted together
with a cutoff energy of 68 Ry. The relaxed lattice con-
stant of stanene is 4.523A˚ and the buckling height of
stanene layer is 0.822A˚, as illustrated in Fig. 1(a). The
thickenss of stanene is W = 3.954A˚, by adding the diam-
eter of a tin atom to the buckling height. We sample the
Brillouin zone with a 18×18×1 Monkhorst-Pack k-grid.
The atomic coordinates are fully relaxed until the forces
become smaller than 1×10−6eV/A˚. An 8×8×1 q-mesh is
used to calculate the dynamic matrix for inverse Fourier
transformation to obtain the force constants in real space.
According to the interatomic force constants, we evaluate
the phonon dispersion relation Fig. 1(b), phonon trans-
mission function [Fig. 1(c)] and phonon thermal conduc-
tance Fig. 1(d). As indicated in both plots of dispersion
relation and transmission function, the maximum phonon
frequency is around 200cm−1, which is much smaller than
other 2D materials such as graphene (1500cm−1)17,18,
MoS2 (500cm
−131,32 and phosphorene (480cm−1)33,34. A
large gap exists between the acoustic modes and optical
modes. Stanene is found to be highly isotropic as the
transmission in the zigzag and armchair directions differs
little. Therefore, in the following discussions, we focus
only on the transport properties in the zigzag direction.
From the thermal conductance plot, we find that σph in-
creases with the increase of temperature and saturates
at around 200K. The saturated thermal conductance is
around 0.39nWK−1nm−2, which is much smaller than
that of graphene (4.1nWK−1nm−2)35.
In order to give an explicit form of temperature depen-
dence of phonon thermal conductance, we approximate
the transmission function by its average value T¯ . Phys-
ically, T¯ can be estimated from dispersion relationship
ω(k‖, k⊥), where k‖ is the wavevector in the transverse
direction and k⊥ is that in the transport direction. For
each branch we can project the dispersion relation onto
the plane spanned by k‖ and ω, and the total area of the
resulting image is T¯ ωm. This approximation will break
down in the low temperature limit, and it converges to
the exact value in high temperature limit. Using this ap-
proximation, the phonon thermal conductance is found
to be
σph =
kB T¯ ωm
2πSx
[π2
3
−x2Li0(e
−x)−2xLi1(e
−x)−2Li2(e
−x)
]
,
(2)
where x = βh¯ωm and Lin(z) =
∑∞
k=1 z
k/kn are the poly-
logarithm functions36. The maximum frequency ωm can
be estimated from the largest force constant Km and
the corresponding atomic mass m, via ωm =
√
2Km/m.
From Fig. 1(d) we see that the curve from the estimation
formula matches well with the NEGF curve. In the high
temperature limit, the thermal conductance approaches
σph = kB T¯ ωm/(2πS). (3)
(a)
FIG. 1. (a) Crystal structure of stanene and its high-
symmetry points in reciprocal points. Atoms in different
planes are labelled with different colors. (b) The phonon dis-
persion relation of stanene. (c) Plot of transmission function
per cross-sectional area against phonon frequency. (d) Plot of
thermal conductance versus temperature along both zigzag
and armchair directions. We estimated T¯ /S = 6nm−2 in
Eq. (2).
B. Electronic transport
The electronic structure of stanene can be modelled
by tight-binding Hamiltonian as established in Ref.37. In
this work, we consider the transport properties using the
electron structure with spin-orbital coupling (w/SOC)
and without spin-orbital coupling (w/o SOC). The tight-
binding Hamiltonian can be written as
H = H0 ⊗ I2 +HSO, (4)
where H0 is the Hamiltonian without SOC, I2 is a 2× 2
identity matrix due to spin degeneracy and HSO is the
SOC Hamiltonian. H0 can be written as the sum of an
on-site term and a hopping term
H0 =
∑
i,α
Eαc
†
i,αci,α +
∑
〈ij〉,α,β
t〈ij〉,αβc
†
i,αcj,β , (5)
where ci,α(c
†
i,α) is an electron annihilation (creation) op-
erator of site i with orbital states α ∈ {s, px, py, pz}. The
onsite energy for each orbital is Eα = {εs, εp, εp, εp}. The
factor t〈ij〉,αβ is the hopping constant between nearest
neighbours i and j. If they are in the direction of a
norm vector r〈ij〉 = {rx, ry, rz}, this hopping constant
is given by the Slater-Koster formulas38: tss = Vssσ ,
tspa = raVspσ, tpapa = r
2
aVppσ + (1 − r
2
a)Vppπ and
tpapb = rarb(Vppσ − Vppπ), a 6= b, where a, b ∈ {x, y, z}
are polarization indices.
The SOC Hamiltonian can be written as a product of
3FIG. 2. Band structure (left) and transmission function per
cross-sectional area (right) of stanene. The parameters we
used are Vssσ = −2.62eV , Vspσ = 2.65eV , Vppσ = 1.49eV ,
Vpppi = −0.79eV , εs − εp = −6.23eV
40, and ξ = 0.8eV 41.
angular momentum and spin operator39. Explicitly, it is
HSO = ξ/2
∑
i,α,β,σ,σ′
−iǫαβγ c
†
i,α,σ(σγ)σσ′ci,β,σ′ , (6)
where σ, σ′ are the spin indices representing up or down.
The orbital indices α, β, γ ∈ {px, py, pz} now exclude s
(s orbitals are still spin-degenerate) and ǫαβγ is the Levi-
Civita symbol. ~σ = {σx, σy, σz} is the Pauli matrix.
This tight-binding Hamiltonian model has been used in
combination with first-principle calculations37 to study
electronic properties. Figure 2 (left) shows the band-
structure of stanene predicted by this Hamiltonian using
the parameters given in Ref.37. It produces a reasonable
bandstructure in comparison with density-functional-
theory calculations7. When SOC is not considered, a
Dirac cone is predicted at K point. Once SOC is intro-
duced, a band-gap is opened at the Dirac cone.
The electronic transport properties are determined by
the Onsager transport coefficients
Ln =
1
h¯
∫
dE
2πS
Te[E]
β(E − µ)neβ(E−µ)
[eβ(E−µ) + 1]2
, (7)
where Te[E] is the electron transmission function includ-
ing the spin factor, and µ is the chemical potential. Based
on the transport coefficients, the electronic conductance
Ge and electron thermal conductance σe can be evalu-
ated via Ge = e
2L0 and σe = (L0L2 − L
2
1)/(L0T ). The
energy-parametrized transmission function is evaluated
by integrating over all allowed modes28
Te(E) = a
∫
k‖∈BZ
dk‖
2π
Ξ(E, k‖), (8)
where k‖ is the wave vector in the transverse direction
of transport, a is the lattice constant in the transverse
direction of transport and Ξ(E, k‖) is the transmission
function of a mode with energy E and transverse wave-
vector k‖. In a perfect lattice, Ξ(E, k‖) is an integer that
counts the number of allowed modes.
C. Modified Wiedemann-Franz law
We first study the conductance ratio of stanene σe/Ge
against temperature, as shown in Fig. 3(a). It is inter-
esting to see that the conductance ratio increases with
temperature linearly, in the range up to 900K. How-
ever, the proportionality is not a fundamental constant.
In fact, it depends significantly on the chemical po-
tential. When the chemical potential is shifted away
from the Dirac point, the proportionality is close to
L0 = 2.44 × 10
−8WΩK−2, which recovers the conven-
tional WF law. However, when µ is at the Fermi-level
µ = Ef = −0.351eV , the linear relationship still holds,
but the proportionality becomes much larger than the
Lorenz constant. The same phenomenon is also found
in graphene as well (green symbols). Importantly, we
observe that the conductance ratio at Dirac point for
stanene (w/o SOC) and graphene matches each other,
implying that there exists an intrinsic law of conductance
ratio for Dirac fermions.
In order to reveal the chemical potential dependence,
we explicitly plot σe/(GeT ) against µ − Ef in Fig. 3(b)
at room temperature. The Lorenz number L0 ≈ 2.44 ×
10−8WΩK−2, is shown as a reference in the bottom. It is
obvious that for both graphene and stanene, the value of
σe/(GeT ) approaches the Lorenz constant, when |µ−Ef |
is large. However, when µ = Ef , a much larger value of
σe/(GeT ) is observed.
In order to understand this novel feature in 2D QSH
materials, we derive an analytical formula of conductance
ratio using NEGF by focusing on the Dirac point. An
important feature of Dirac Fermion is that its energy
becomes proportional to the wave vector ~k from all di-
rections E~k = h¯vF |
~k|, where vF is the Fermi velocity.
Here we have shifted the center to the K point and set
EF = 0 for notation convenience. For each given energy
E, the k-space forms a circle of radius |E|/(vF h¯). As
a result for each k‖ under condition |k‖| < |E|/(vF h¯),
their exist two modes with different k⊥. By consider-
ing the spin-degeneracy, there exist 4 modes in total of
given k‖ and E. It suggests Ξ[E, k‖] = 4 if and only if
|k‖| < |E|/(vF h¯). Then according to Eq. (8), the trans-
mission function near the Dirac point becomes propor-
tional to energy
Te(E) = 4a|E − Ef |/(πh¯vF ). (9)
This proportionality feature is confirmed from the NEGF
numerical results as shown in Fig. 3(b). By plugging
Eq. (9) into Eq. (7), we can obtain
Ln =
2Cn
π2h¯2vFW
(kBT )
n+1 ≡ ηCn(kBT )
n+1, (10)
where η = 2/(π2h¯2vFW ) is a shorthand nota-
tion. Importantly, Cn is a function of µ as Cn =∫ +∞
−∞
dx
|x+β(µ−Ef )|x
nex
(ex+1)2 with x = β(E − µ). By setting
4FIG. 3. The conductance ratio in stanene. (a) Temperature
profile of conductance ratio. The black solid lines represents
slope of 5.79× 10−8WΩK−2 and 2.44× 10−8WΩK−2 respec-
tively. (b) Plots of conductance ratio against the chemical po-
tential at T = 300K. The bottom solid black line is the tradi-
tional Lorenz number L0 = 2.44×10
−8WΩK−2. In all above
plots, the tight-binding parameters for stanene are the same
as those in Fig. 2. The parameters of tight-binding graphene
is taken from Ref.42, as Vssσ = −6.77eV , Vspσ = 5.58eV ,
Vppσ = 5.04eV , Vpppi = −3.03eV , and εs − εp = −8.87eV .
SOC in graphene is ignored.
y = β(µ− Ef ), one can find
C0= y − 2Li1(−e
−y),
C1= π
2/3 + 2yLi1(−e
−y) + 4Li2(−e
−y),
C2= yπ
2/3− 2y2Li1(−e
−y)− 8yLi2(−e
−y)− 12Li3(−e
−y).
Hence the conductance ratio becomes
σe
Ge
=
C2C0 − C
2
1
C20
(
kB
e
)2
T ≡ LDT. (11)
When y ≫ 1, or µ − Ef ≫ kBT , the polylogarithm
functions decay to 0 and (C2C0−C
2
1 )/C
2
0 → π
2/3, hence,
the convention WF law is recovered analytically. This is
because this procedure is equivalent to the Sommerfeld
low temperature expansion. However, at Dirac point µ =
Ef , or y = 0, the low temperature expansion breaks down
and the polylogarithm functions become important. The
conductance ratio turns out to be
LD
∣∣∣
µ=Ef
=
6Li3(−1)
Li1(−1)
(
kB
e
)2
≈ 5.79× 10−8WΩK−2.
(12)
This constant is about two times larger than the Lorenz
number and it is a general law for Dirac fermions. It also
predicts that the width of the peak presented in Fig. 3(b)
is determined only by temperature.
We find that the analytical result of the proportionality
LD in Eq. (11) matches well to the NEGF numerical
calculations, in both temperature profile [Fig. 3(a)] and
chemical profile [Fig. 3(b)]. Importantly, they matches
for both stanene and graphene. The conductance ratio
of stanene with SOC deviates from the modified WF law
due to the lack of Dirac point, but it gives a reasonable
result in comparison with the traditional one. In all the
cases, the agreement becomes worse at high temperature
end since the high energy electrons start to play a role.
D. Comparison between phonon and electron
thermal conductance.
Next, we make a comparison between phonon and elec-
tron thermal conductance, as shown in Fig. 4(a). We
assume that σph is not sensitive to the chemical poten-
tial. For graphene (green lines), we find that σph is much
larger than σe. When graphene is not gated (µ = Ef ),
σe is less than 10% of σph. Therefore, σe is always ne-
glected in the study of thermal conductance of graphene.
This situation is applicable to many other 2D materials.
However, for stanene (red lines), we find that electron
thermal conductance is comparable to phonon thermal
conductance at room temperature. When the stanene is
gated, σe can even be larger than σph. Therefore the
effect of electron thermal conductance can no longer be
neglected. To have a deeper understanding of the compe-
tition between σph and σe, we analyze their temperature
profile as shown in Fig. 4(b). We find that σph increases
initially and then saturates with increasing temperature,
while σe increases with increasing temperature following
T 2 as
σe =
C2C0 − C
2
1
C0
ηk3BT
2. (13)
There exists a crossover temperature at T ≈ 342K (w/o
SOC) and T ≈ 331K (w/ SOC). The crossover regime is
near the room temperature. which is significantly lower
than that of graphene (≈ 2500K)43. According to the
5FIG. 4. (a) Plot of electronic and phonon thermal conduc-
tance of stanene (St, red lines) and graphene (Gr, green
lines) against chemical potential. The temperature is set
to be T = 300K. (b) Plots of electron and phonon ther-
mal conductance with respect to temperature at µ = Ef .
We use vF = 4 × 10
5m/s obtained from dispersion relation
and T¯ = 0.5 from transmission function. The thickness of
graphene sheet is 1.7A˚and the SOC of graphene is negelected.
saturated phonon thermal conductance of Eq. (2) and an-
alytical results of Cn, we can estimate that the crossover
temperature is around
Tc =
h¯
2kB
C0
C2C0 − C21
(T¯ vF )
1
2
(
Km
m
) 1
4
. (14)
This formula indicates that materials with a strong force
constant, light atomic mass and large Fermi velocity will
have a large crossover temperature. Using this formula,
it is found that the crossover temperature for stanene
is Tc = 338K, which is close to the simulated value of
342K.
Conclusion We have investigated the thermal transport
properties of stanene using NEGF approach in combina-
tion with first-principles calculations. It is found that
stanene possesses a very low phonon thermal conduc-
tance in comparison with graphene. Interestingly, the
electron thermal conductance of stanene does not follow
the conventional Wiedemann-Franz law due to the exis-
tence of Dirac point. We have hence derived an analyt-
ical formula of the conductance ratio for Dirac fermions
from NEGF approach and obtained a modified WF law.
The modified WF law predicts a new proportionality con-
stant of 5.79 × 10−8WΩK−2, which is about two times
larger than the Lorenz constant derived from Sommer-
feld theory. Importantly, this new constant is applica-
ble to 2D Dirac Fermion systems in general, including
graphene. Using this analytical approach, we have also
derived an analytical formula to determine the crossover
from the phonon dominated regime to the electron dom-
inated regime. Remarkably, this crossover for stanene
occurs around room temperature. Hence, the contribu-
tion from the electron thermal conduction in stanene at
room temperature is no longer negligible. The fascinat-
ing behaviours revealed here in stanene not only widen
our knowledge in thermal transport in 2D materials, but
also provide a new route to manipulate the thermal con-
ductance of stanene since controlling electrons is much
easier than controlling phonons.
This work was supported in part by a grant from
the Science and Engineering Research Council (152-70-
00017). The authors gratefully acknowledge the financial
support from the Agency for Science, Technology and Re-
search (A*STAR), Singapore and the use of computing
resources at the A*STAR Computational Resource Cen-
tre, Singapore.
Appendix A: Calculation of transmission function
The transmission function is an important quantity in
the Landauer formalism in the ballistic transport regime.
It characterizes the transmission probabilities of phonons
coming from left region to right region, scattered by a
central region. In this work, all left, central and right
regions are monolayer stanene sheet with infinite width.
We partition the stanene into periodic blocks in the trans-
port direction for all regions, so that the atoms in each
block only interact with those in its two nearest neighbor
blocks. Within each block, the lattice has periodic struc-
ture in the transverse direction. So the force constants
between two atoms can be written as K(l,~n,b),(l′,~n′,b′),
where l, l′ are the block indices of each atoms respec-
tively, ~n, ~n′ are the vectors pointing to the unit cells
within each block and b, b′ are the atomic indices within
each unit cell. By making use of the periodicity in the
transverse direction, we can transform the force constants
into reciprocal lattice in the transverse direction
K˜(l,b)(l′,b′),~k =
∑
~n
K(l,~n,b)(l′,0,b′)e
−i~k·~n. (A1)
6Then the retarded Green’s function of the central region
can be written as
Gr(ω, ~k) = [(ω+ iη)2M − K˜C~k −Σ
r
L(ω,
~k)−ΣrR(ω,
~k)]−1,
(A2)
where M is a diagonal matrix of atomic mass, the su-
perscript C in K˜C~k means that the block indices l and
l′ are inside the central region. η is a small positive
number and ΣrL/R are the self-energies of the left and
right leads. The self-energies can be evaluated from
Σrα(ω,
~k) = V αC~k g
r
α(ω,
~k)V Cα~k for α = L,R, where V
αC
is the Fourier-transformed coupling matrix between the
lead α and central region and V Cα is its hermitian conju-
gate. Here grα(ω,
~k) is the surface retarded Green’s func-
tion of lead α. It is evaluated according to the generalized
eigenvalue problem, as demonstrated in Ref.29. Hence
the transmission function can be calculated using
Ξph[ω, ~k] = Tr
[
Gr(ω, ~k)ΓL(ω, ~k)G
a(ω, ~k)ΓR(ω, ~k)
]
,
(A3)
where Ga(ω, ~k) = [Gr(ω, ~k)]† is the advanced Green’s
function and Γα(ω, ~k) = i
(
Σrα(ω,
~k)− [Σrα(ω,
~k)]†
)
is the
spectral density of the leads.
The energy-dependent transmission function can be
evaluated by integrating the mode-dependent transmis-
sion function over all the modes. For 2D materials, in
the transverse direction, ~k is a one-dimension vector so
that it is actually a number, denoted as k‖
Tph(ω) = a
∫
k‖∈BZ
dk‖
2π
Ξph(ω, k‖). (A4)
For the electron transmission function, the basic for-
malism is similar, except that instead of starting from the
force constant matrix, the electron formalism starts from
the hopping matrix from the tight-binding model. The
frequency dependence of phonon transmission should be
changed to energy dependence of electrons by replacing
(ω+iη)2 with E+iη in the calculation of retarded Green’s
function. The mass matrix M becomes the overlap ma-
trix denoting the overlapping of electron wavefunctions
between the sites. In this calculation we use identity as-
suming electrons are not overlapped. When spin-orbital
coupling is not considered, a factor of 2 is multiplied in
order to take care of spin degeneracy.
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